(i) For each n = 2, 3, · · · we have 2n 2n n n−1 k=0 [HM] . Many of other conjectures in [Su1, Conjecture 5.1] remain open.
In [Su2] , Z.-W. Sun proved some products and sums divisible by central binomial coefficients, like 2(2n + 1) 2n n 6n 3n 3n n for all n = 1, 2, 3, · · · .
For any positive integer n, (1.1)
We will prove Theorem 1.1 in Section 2. In 2012, J. Guillera and W. Zudilin [WZ] proved that
using Wilf-Zeilberger method.
Recently, G.-S. Mao and Z.-W. Sun [MS] proved that
Combine them toghether, we obtain the following result.
Theorem 1.2. Let p > 3 be a prime. Then
where H n := n k=1 (n = 1, 2, · · · ) denote the Harmonic numbers. We will prove Theorem 1.2 in Section 3. Lemma 2.2. For any positive integer n ≥ 6 and n = 2 m + 1, where m is an integer, we have
Proof. Set n = a 1 a 2 · · · a k , where a 1 = 1, and a i ∈ {0, 1} for all 2 ≤ i ≤ k, n ≥ 6, so we have k > 2.
Case 1. 2 | n, so a k = 0, if a k−1 = 0, then 4 | n, and we know 2 | 2n n , thus 8 | n 2n n . else if a k−1 = 1, then 2 | n and 4 ∤ n, but we know k > 2, and a 1 = 1, so by Kummer's Theorem we can get that 4 | 2n n , hence 8 | n 2n n . Case 2. 2 ∤ n, so a k = 1, we have k > 2 and a 1 = 1, but n = 2 m + 1, so there exists an 2 ≤ i ≤ k − 1 such that a i = 1, so by Kummer's Theorem we can deduce that 8 | 2n n , thus 8 | n 2n n . So we have ord 2 (n 2n n ) ≥ 3, we know n 2n n = 2 n (2n−1)!! (n−1)! , so ord 2 (n 2n n ) = n − ord 2 ((n − 1)!), therefore n − ord 2 ((n − 1)!) ≥ 3. So we have done the proof of Lemma 2.2.
Lemma 2.3. For any positive integer n ≥ 6 and n = 2 m + 1, where m is an integer, then for any 1 ≤ k ≤ n − 2 we have
Thus we get the desired result.
Lemma 2.4. For any positive integer n ≥ 6 and n = 2 m + 1, where m is an integer, then we have
We can see that (4n − 3)(4n − 5) · · · (2n + 1) + (2n − 3)!! ≡ 0 (mod 2). So we can deduce that
since n = 2 m + 1 is an odd integer. While n ≥ 6 and n = 2 m + 1 we have
Therefore ord 2 ( 4n−2 2n−1 + 2 2n−2 n−1 ) ≥ 3, that is 8 | 4n−2 2n−1 + 2 2n−2 n−1 , so we finish the proof of Lemma 2.4.
Lemma 2.5. [MS, Lemma3.2] For any nonnegative integer n, we have n k=0 n k
k .
Proof of Theorem 1.1. For all n = 2, 3, · · · , replacing n by n − 1 and x = − 1 2 in Lemma 2.5, we can deduce that
We know the right side is −1
16 k . So we want to prove Theorem 1.1, we just need to show
For any real numbers x and y, we have (see, for example, [PS, Division 8, Problems 8 and 136] )
that is to say for any prime p we have
With Lemma 2.2 we have 8 | (2k)!(4n−2k−2)! k!(2n−1)!(2n−k−1)! for all integer n ≥ 6 and n = 2 m + 1, where m is an integer. With Lemma 2.3 and (2.1), we have 8 | n−1 k 2 (2k)!(4n−2k−2)! k!(2n−1)!(2n−k−1)! for all 1 ≤ k ≤ n − 2, where n = 2 m + 1 ≥ 6 and m ia an integer.
With Lemma 2.4 we know when k = 0 and k = n − 1, we have 8 | a(n, 0) + a(n, n − 1) for all integer n = 2 m + 1 ≥ 6, where m is an integer.
So combing these we can deduce that for all integer n ≥ 6 we have
for all integer n ≥ 6. When n = 2, 3, 4, 5, we have So combining these we can finally get that for all n = 2, 3, 4, · · · , we have 1 8
Then we complete the proof of Theorem 1.1.
Proof of Theorem 1.2
Lemma 3.1 (Staver [S] (1−p(H 2k−1 −H k−1 )) (mod p 2 ).
(3.3)
In particular,
(3.4)
Proof. Expand the LHS and use the Morley congruence (3.2), we have
Hence,
as desired. The last statment follows immediately from Fermat's Little Theorem.
Lemma 3.4. Let p > 3 be a prime. For any 0 < k ≤ (p − 1)/2, we have 1 p p − 1 + 2k 2k ≡ 1 2k
(1 + pH 2k−1 ) (mod p 2 ) (3.5)
Proof. Expand the LHS, we have
Recall that Wolstenholem [W] proved that for any prime p > 3,
If follows that
Therefore,
(1 + pH 2k−1 ) (mod p2).
Lemma 3.5. Let p > 3 be a prime. Then
Proof. Note that
It follows that By Staver idendity (3.1), we have
where we use Morley congruence (3.2) in the last step.
Proof of Theorem 1.2. Take the same WZ pair F (k, j) and G(k, j) as in [WZ] ,
We know that F (k, j) and G(k, j) have the following relation,
Sum the above equation, first from k = 0 to k = (p − 1)/2, then from j = 1 to (p − 1)/2, we get (p−1)/2 k=0 (F (k, 0) − F (k, (p − 1)/2)) = (p−1)/2 j=1 (G((p + 1)/2, j) − G(0, j)).
Note that G(0, j) = 0 and Hence, it suffices to determine (p−1)/2 k=0 F (k, (p − 1)/2) and (p−1)/2 j=1 G((p + 1)/2, j) (mod p 4 ).
First, let's consider
Apply Lemma 3.2, 3.3, 3.4 and 3.5, we get we get the desired result.
